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RENEWAL THEORY ON THE ORIENTED TREE
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1
Abstrat. The ane group of a tree is the group of the isometries of a homo-
geneous tree that x an end of its boundary. Consider a probability measure
µ on this group and the assoiated random walk. The main goal of this paper
is to determine the aumulation points of the potential kernel
g ∗ U = g ∗
∞∑
n=0
µ(n)
when g tends to innity. In partiular we show that under suitable regularity
hypotheses this kernel an be ontinuously extended to the tree boundary and
we determine the limit measures.
Key words: Random walk, renewal theory, ane group, tree, p-adi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Introdution
Consider a transient random walk with law µ on a loally ompat group. Its
potential measure U =
∑∞
n=0 µ
(n)
is a Radon measure and its (right) potential
kernel g ∗ U is, when g varies on the group, a family of measures that is vaguely
relatively ompat. Renewal theory onsists in studying the limit behavior of this
family when g goes to innity, determining the limit measures and the geometrial
1
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2 RENEWAL THEORY ON THE ORIENTED TREE
diretions along whih it onverges. On Abelian groups, this problem has been
ompletely solved (f. [PS69℄): there are not more then two aumulation points
(the null measure and the Haar measure) and there is a non-zero limit if and only
if the group is a ompat extension of Z or R. The work of L.Elie on the ane
group of the real line and on almost onneted Lie groups ([Éli82℄) has shown that
for non-unimodular groups we may have a quite dierent behavior. Namely there
exists an innite number of limit measures, and the Haar measure annot be among
them.
In this paper we leave the Eulidean setting to deal with this kind of ques-
tion on the group of ane transformations of the homogeneous tree, Aff(T), that
is the group of tree isometries that x an end of the boundary. D.Cartwright,
V.Kaimanovih and W.Woess have given in [CKW94℄ a rst detailed study of ran-
dom walks on this group and we refer to this artile for a omprehensive introdu-
tion.
The ane group of the tree ontains the ane group of the p-adi numbers,
Aff(Qp) (or more generally of a loal eld), that is the group of matries of the form[
a b
0 1
]
where the oeients a 6= 0 and b are p-adi valued. The tree is in fat
the Bruhat-Tits building of the invertible 2× 2 matries on Qp and its ane group
ats on the tree analogously as the real ane group, Aff(R), ats on the hyperboli
plane H2, that is by isometries and xing a boundary point. On the other hand,
the strutural analogies apart, the real ane group and the ane group of the tree
present remarkable dierenes. While Aff(R) an be identied with the group of
all isometries that x a boundary point, the ane group of the tree is signiantly
bigger and more omplex then Aff(Qp) and it ontains other interesting subgroups
suh the lamplighter group or automati groups. This omplexity is mainly due to
the fat that the graph struture of the tree is muh less rigid then the hyperboli
plane, in the sense that the loal behavior of an isometry does not determine how
it ats globally.
The main goal of this paper is to show that the potential kernel of a random walk
supported by non-exeptional subgroup of Aff(T) an be ontinuously extended to
the boundary of the tree and to give a desription of the limit measures by mean of
the invariant measure on the boundary and the ounting measure on the integers
(Theorems 3.6 and 3.7). These last onlusions are partiularly interesting in view
of farther studies, namely for the haraterization of the Martin boundary points
and thus in the representation of the invariant measures.
Our results are obtained partially by adapting Elie's methods that involve the
haraterization of the periods of the limit measures, partially by using a weighty re-
newal equality (Corollary 2.8) whose analogue overR is due to M.Babillot, Ph.Bougerol
and L.Elie [BBE97℄. In a general setting we require, besides weak moment ondi-
tions, that the the step law of the random walk is spread out. However, for random
walks supported by groups that at on the tree on a suiently homogeneous way
( suh as Aff(Qp) ) we are able to to avoid this last ontinuity hypothesis for the
limit toward all boundary points exept for the one that is xed by the group.
The paper is strutured as follow:
In Setion 1, we introdue the strutures we are working on (the oriented tree,
the ane group and its non-exeptional subgroups) and the probabilisti objets
we are going to study (random walks and potential kernel).
In Setion 2, we give some preliminary results onerning the onvergene and
the ation of the random walks on the tree boundary and obtain a measure equality
for the potential kernel on the group.
In Setion 3, we prove our main results. We start by determining some invariane
properties of the limit measures and then we haraterize the limits of the potential
kernel.
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1. Random walks on the affine group of a tree
1.1. Oriented tree. We onsider the homogeneous tree T of degree q + 1, i.e.
the onneted non-oriented graph without yles whose verties have exatly q + 1
neighbors, equipped with the usual graph distane
d(x, y) = number of edges between x and y.
The set of innite geodesi rays that start from some vertex and go to innity, quo-
tiented by the equivalene relation that identies two geodesis when they oinide
but for a nite number of verties give the geometrial boundary of the tree, ∂T.
The union T∪ ∂T, equipped with the topology of the innite ones starting from a
vertex, is then a ompat set where T is a dense open sub-set.
A partial order of the tree is given, xing an end ω in ∂T and setting for all x 6= y
in T ∪ ∂T
x ∧ y = rst ommon vertex of xω and yω,
where xω is the geodesi starting at x and in the lass of ω, and x ∧ x = x. We
write
x  y ⇔ x = x ∧ y.
One an imagine the oriented tree as an innite genealogial tree, where ω represents
the mythial anestor, every vertex has q sons and a father and x  y if and only if
y is a desendent of x.
Let us x a referene vertex o in T alled origin. The height funtion φ from T
on Z is
φ(x) := d(x, x ∧ o)− d(o, x ∧ o),
also known as the Busemann funtion, represents the generation number of x.
Let onsider the bottom boundary of the tree
∂∗T = ∂T− {ω}.
The funtion φ indues a ultra-metri distane on T ∪ ∂∗T dened by
Θ(α, β) :=
{
q−φ(α∧β) if α 6= β ∈ T ∪ ∂∗T
0 if α = β
.
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1.2. The ane group of the tree. The group of isometries of the tree (T, d)
has a natural ontinuous ation on the boundary, obtained by the ation on the
geodesis.
The ane group of the tree is the subgroup of the isometries that x the end ω
Aff(T) := {g ∈ Iso(T) : gω = ω} ,
that is the subgroup that preserves the order indued by ω,
g(x ∧ y) = gx ∧ gy for all g ∈ Aff(T).
The group Aff(T) is equipped with the topology of pointwise onvergene on the
tree, where a base of open neighborhoods of an anity γ is given by the sets
V (x → y) := {g ∈ Aff(T) : gx = y}
for every nite set of verties x = (x1, . . . , xn) and with y = γx = (γx1, . . . , γxn).
These sets are simultaneously open and ompat, therefore Aff(T) is a loally om-
pat totally disonneted group.
The semi-norm
|g| = d(go, o)
on Aff(T) is symmetri, |g| =
∣∣g−1∣∣, and veries to |g1g2| ≤ |g1| + |g2|. The set of
the anities of zero norm is V (o→ o), a ompat subgroup.
1.2.1. Drift of an anity and the horoyli group. As the anities respet the
order and the distane on the tree, for every ouple of verties x and y one has
φ(gx)− φ(gy) = φ(x) − φ(y).
The homomorphism:
φ : Aff(T) → Z
g 7→ φ(gx)− φ(x) = φ(go),
does not depend on the hoie of the point x and ontains the information on vertial
ation of an anity on the tree. It also indiates whether the ation of g on the
bottom boundary ∂∗T dilates or ontrats, in fat for every ouple of ends α and β
in ∂∗T
(1.1) Θ(gα, gβ) = q−φ(gα∧gβ) = q−φ(g)Θ(α, β).
The horoyli group of the tree is the subgroup of the ane group that xes the
heights
Hor(T) := kerφ = {g ∈ Aff(T) : φ(gx) = φ(x) ∀x ∈ T} .
It follows from (1.1) that Hor(T) is the group of all isometries of (∂∗T,Θ).
Instead of working on the whole ane group, we will be often interested in some
losed subgroup Γ of Aff(T). In this ase we onsider φ as an homomorphism from
Γ to Z and set
Hor(Γ) := kerφ = Hor(T) ∩ Γ.
1.2.2. Algebrai struture of Aff(T). For the sake of simpliity we always suppose
that the homomorphism φ from Γ on Z is surjetive. Then for all s ∈ Γ suh that
φ(s) = 1, every g ∈ Γ has a unique deomposition as a produt of an element of the
horoyli group and a power of s
(1.2) g = b(g)sφ(g) where b(g) := gs−φ(g) ∈ Hor(Γ).
Thus, if we identify Z with the subgroup generated by s, the group Γ is the semi-
diret produt
Hor(Γ)⋊s Z ∼= Γ
(b, h) 7→ bsh.
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Note that the deomposition of Aff(T) as semi-diret produt of Z and Hor(T)
depends on the hoie of the element s, and we all it referene homothety. We
denote by α = αs the unique end of ∂
∗T xed by s (for its existene see for instane
[Tit70℄). The homothety s ats by translation on the geodesi αω, that may then
be onsidered as a main branh of the tree. To hoose a referene homothety is
equivalent to selet a enter α of the bottom boundary and a anonial identiation
between the sub-trees that branh from αω.
1.2.3. Rotations. In some sense the horoyli group, that is the group of all isome-
tries of the bottom boundary, plays the role of the group of translations in the real
ase; but in our ase the ation on ∂∗T is not simple. In fat the stabilizer of an
end α ∈ ∂∗T in the horoyli group , that is the group of rotations of enter α, is
not trivial and is the ompat subgroup
Kα = Kα(Γ) = {r ∈ Hor(Γ) : rα = α} .
It is worthwhile observing that, ontrary to what happens on Lie groups, the iden-
tiation indued by the referene homothety s is ompletely arbitrary, beause the
struture of the tree is muh less rigid then in the analogous ontinuous spaes. One
of the rst onsequene is that a rotation does not ommute with an homothety of
same enter; in fat whenever a rotation r ats on two sub-trees in dierent ways
(aording to the identiation indued by s), one has sr 6= rs. Moreover as there is
no rigidity, we do not have a nite set of points whose images uniquely determine a
rotation or an anity, but given any ompat set C in T (or in ∂∗T) one may found
two anities that at in the same way on C and are dierent on its omplement.
1.2.4. Compatiation and group boundary. The ation on the tree enables us to
give a natural ompatiation of any losed subgroup of Aff(T). In fat it easy to
see that whenever for a sequene {gn}n in Aff(T) there exists a vertex x ∈ T suh
that {gnx}n onverges to an end β in ∂T, then for all y ∈ T also {gny}n onverges to
β. We then say that the sequene {gn}n onverges to β and we ompatify Aff(T)
in Aff(T) ∪ ∂T setting
gn → β ∈ ∂T⇔ ∃ (or ∀)x ∈ T : gnx→ β.
The boundary of a subgroup Γ of Aff(T) is then the set of the aumulation
points of Γ in ∂T and is denoted by ∂Γ.
1.3. Non-exeptional subgroup. We fous our study on random walks supported
on subgroups of Aff(T) that are non-degenerated. More preisely we deal with losed
subgroups, Γ, that are non-exeptional, i.e. verify to one of the following equivalent
onditions (f. [CKW94℄):
• Γ is not ontained in Hor(T) and it does not x any end in ∂∗T
• Γ is non-unimodular
• ∂Γ is innite
In the usual parallelism with the real ane group, this is equivalent to ask that
the group Γ is neither a group of translations nor of roto-homotheties. Another
important property of non-exeptional subgroups is that all their orbits are dense
in the bottom boundary of the group
∂∗Γ = ∂Γ− {ω} .
When the group is also losed then its ation on ∂∗Γ is transitive, i.e. for all β ∈ ∂∗Γ
Γβ = ∂∗Γ.
By (1.2), also Hor(Γ) ats transitively on ∂∗Γ.
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Let s ∈ Γ be a referene homothety of enter α. As Kα = Kα(Γ) is the stabilizer
of the end α ∈ ∂∗Γ in Hor(Γ), the subgroup Kα⋊sZ is the stabilizer of α in Γ; thus
we have the following identiations by homeomorphisms:
Γ/ (Kα ⋊s Z) = Hor(Γ)/Kα = ∂
∗Γ.
1.4. Random walks on Aff(T). Let µ be a probability measure on Aff(T) and
{Xn}n∈N a sequene of random variables dened on the probability spae (Ω,P)
and with values in Aff(T), independent and identially distributed with law µ. The
left and right random walks are the Markov hains on Aff(T) dened by iterated
produts of the Xn on the left and on the right, respetively,
Ln = XnXn−1 · · ·X1 and Rn = X1 · · ·Xn−1Xn
and L0 = R0 are equal to the identity e.
Although from a trajetories point of view these two proesses are dierent, for
every xed time n have they the same law, the n-th onvolution power of µ
Ln
law
= Rn ∼ µ
(n).
1.4.1. Hypotheses. All our results onern random walks whose ation on the tree
is suiently omplete, and namely we shall always assume the following non-
degeneray hypotheses: the losed subgroup generated by the support of µ
Γ := < suppµ >
is non-exeptional and, just for sake of simpliity, that φ(Γ) = Z.
We also need some moment hypothesis that may vary aording to the type
of results that we want to obtain. We always suppose that the projetion of the
random walk on Z is integrable
E[|φ(X1)|] < +∞.
Most of the times we also require a moment of rst order for the random walk on
the group
E[|X1|] < +∞.
When projetion of the random walk on Z is reurrent, we shall need a moment of
order 2 + ǫ, namely
E
[
φ(X1)
2 + |b(X1)|
2+ε
]
< +∞
for some ε > 0.
For generi random walks on Aff(T) we also require a ontinuity ondition,
namely that the measure µ is spread out (i.e. there exists a onvolution power
µ(n) that is non-singular with respet to the Haar measure of Γ).
1.4.2. Drift of the random walk. A ruial role in the study of the random walks
Rn and Ln is played by their projetion on Z, that is by the random walk
Sn = φ(X1) + · · ·+ φ(Xn) = φ(Ln) = φ(Rn).
Its mean is alled drift of µ
µ(φ) = E[φ(X1)]
and it is the parameter that enables to lassify the dierent types of behavior.
1.5. Remarkable examples. Sine the tree has a very lax struture, the ane
group of the tree is very omplex and there are many dierent way to onstrut
random walks supported by non-exeptional subgroups. We present here some
remarkable examples.
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1.5.1. Random walks on the tree. The simplest example is given by Markov hains
on the tree that is invariant under the transitive ation of a subgroup Γ, as for
instane the nearest neighbor random walk on the tree where from a vertex one
goes to the father with probability α and to every son with probability (1 − α)/q.
This type of proess an be obtained from a random walk on Γ, whose law is
invariant by the right ation of the stabilizer V (x) of a vertex x ∈ T. In that ase
the proess Zn = RnV (x) is a Markov hain on Γ/V (x) = T starting in x and
homogeneous under the ation of Γ.
One an show that, sine the stabilizer V (x) is an open and ompat subgroup,
every measure that is right invariant by the ation of V (x) has a ontinuous density
with respet to Haar measure. Thus every Markov hain on the tree that is invariant
under the transitive ation of an non-exeptional subgroup may be onsidered a
random walk on the group whose law is spread out, and therefore all our results
translated in this setting.
1.5.2. p-adi ane group. One of the most interesting non-exeptional subgroups of
the ane group of the tree is the ane group of rational p-adi. We will often refer
to it beause, apart for its intrinsi interest, it is the more natural generalization of
the real ane group and thus it allows to stress the similarities but also the main
dierenes between the real and tree settings.
Let p be a prime number, onsider the integer evaluation vp on the rational
numbers that measures how muh a number is divisible by p, i.e. for every u ∈ Q∗,
we set
vp(u) = max{k ∈ Z : p
−kru ∈ Z}
and νp(0) = 0. The eld of rational p-adi numbers is then the ompletion of Q
equipped with the ultra-metri norm
|u|p = p
−vp(u)
for all u ∈ Q.
There exists a strit relationship between the p-adi rational and the oriented
tree of degree p+1 (f. Serre [Ser80℄), sine it is possible to onsider the tree as the
set of the diss Qp. First observe that, beause the evaluation vp is integer valued
and |·|p has ultra-metri property, the set of all diss of Qp is ountable and, if it
is equipped with the natural order given by inlusion, it has the struture of an
oriented tree: eah dis of radius pk ontains exatly p diss of radius pk−1, its sons,
and the dis D(u, pk) of enter u and radius pk has the dis D(u, pk+1) as father.
0
10
0
1
0 1
1
0 1
0
0 1 0 1 0 12
-1
φ
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If D(0, 1) is the origin of the tree, then the Busemann funtion is
φ(D(u, pk)) = −k.
One has a one to one mapping (that is in fat an isometry) between ∂∗T and Qp, as-
soiating to dereasing sequene
{
D(u, q−k)
}
k∈N
with the element u =
⋂
k∈ND(u, q
−k)
of Qp.
Like in the real ase, the p-adi ane group, Aff(Qp), is the set of the mappings
of the form
g = (t, a) : u 7→ au+ t with a ∈ Q∗p and t ∈ Qp.
and it an be realized as the group of matries
Aff(Qp) =
{[
a t
0 1
]
: a ∈ Q∗p and t ∈ Qp
}
.
As anities send diss on diss, and respet the inlusion order, they onstitute a
subgroup of Aff(T), that is losed and non-exeptional.
Sine every anity (t, a) is the omposition of a translation u 7→ u + t and of
a roto-homothety u 7→ au, it is natural to see Aff(Qp) as a semi-diret produt
Qp ⋊ Q
∗
p. However this deomposition does not oinide with the one we have
earlier introdued as semi-diret produt of Hor(Qp) and of Z. In fat as
φ((t, a)) = vp(a),
the horoyli group is
Hor(Qp) =
{[
a t
0 1
]
∈ Aff(Qp) : |a| = 1
}
= Qp ⋊ Zp
where Zp is the ring of p-adi integers, that oinide with the group of rotation of
enter 0, while Qp an be identied with the group of translation.
The p-adi ane group has muh more similarities with the real ase then a
generi subgroup of Aff(T). First of all in the p-adi setting the tree has an algebrai
struture that is muh more sti that the one of a simple graph: every anity is
haraterized by two parameters (t and a), and it is therefore uniquely determined
when one knows how it ats on two points of Qp = ∂
∗T. Seondly, but not less
important, the group of roto-homotheties of enter 0, i.e. its stabilizer
K0(Qp)× Z = Q
∗
p
is Abelian. Finally the bottom boundary ∂∗T is identied with Qp and it has then
the struture of a Abelian group. These properties permit to obtain stronger results
for random walks on the p-adi ane group than in the general setting.
One of the interests in the p-adi ane group is linked with the study of random
walk on the group of ane transformations whose oeients an take only rational
values, Aff(Q). This group may be naturally be regarded as a dense subgroup of
the real or of the p-adi ane group, aording to the metri one onsiders. As
it has already be pointed out in previous works (see Kaimanovih [Kai91℄) from
a measure theoreti point of view the behavior of random walks on Aff(Q) is not
neessarily related to the Eulidean metri and a omplete understanding may be
obtained by a simultaneous immersion in Aff(R) and in the Aff(Qp).
1.5.3. Lamplighter group. Another algebrai struture on the tree, dierent from the
p-adi one, but that guarantees the same regularity properties, is given identifying
the tree with sequenes of integer numbers modulo q, i.e Z/qZ, and onsidering
the ation of the Lamplighter group, i.e. of the wreath produt (Z/qZ) ≀ Z. More
preisely let
Zq = {σ : Z→ Z/qZ |σ has nite support}
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and, for every k ∈ Z, onsider the equivalene relations suh that if σk is the lass
of σ ∈ Zq then σk = τk if and only if σ(n) = τ(n) for all n ≤ k. One an then
identify the oriented tree of degree q + 1 with the set {σk |σ ∈ Zq and k ∈ Z} in
suh a way that σk is the father of σk+1. The Lamplighter, that an also be seen as
the semi-diret produt Zq ⋊ Z, ats on the tree the usual sum of Zq and by shift
and it is then a non-exeptional ( but non losed) subgroup of Aff(T).
1.6. Renewal on the tree. As we assumed that the group, Γ, generated by the
support of µ is non-exeptional, thus non-unimodular, a fundamental result (f.
[GKR77℄) ensures that the random walks are always transient, i.e. almost surely
they visit every ompat set only a nite number of times. Their potential measure,
i.e.
U(A) =
∞∑
n=0
µ(n)(A) = E
[
∞∑
n=0
1[Ln∈A]
]
= E
[
∞∑
n=0
1[Rn∈A]
]
,
is then a Radon measure on Γ. The (right) potential kernel is the family of measures
g ∗ U(A) =
∫
Γ
1A(gx)U(dx) = E
[
∞∑
n=0
1[gRn∈A]
]
where g ∈ Γ. That is the expeted number of visits in the set A ⊂ Γ for the right
random walk starting in g. By the maximum priniple this family is bounded for
every ompat set A when g varies in Γ and thus is vaguely relatively ompat. Its
limit measures when g goes to innity are Radon measures on the group Γ that are
right µ-exessive, that is satises to the inequality ν ∗ µ ≤ ν ( they will turn out to
be µ-invariant).
The goal of this paper is to study these measures, to desribe their properties
and to determine the diretions of onvergene of the potential kernel. In setion
3, we will state (and prove) in detail our main results, that may be resumed in the
following
Theorem. Suppose that the measure µ is spread out and that satises to suitable
moment onditions then the potential kernel g ∗ U an be ontinuously extended to
∂Γ .
Furthermore
lim
g→ω
g ∗ U = 0
and for all β ∈ ∂∗T, if s ∈ Γ is a referne homothety of enter α and b ∈ Γ is suh
that bα = β
lim
g→α
g ∗ U = να =
{
0 if µ(φ) > 0
b ∗m〈s〉 ∗ m̂ if µ(φ) ≤ 0
where m〈s〉 is the ounting measure on the sub-group 〈s〉 = Z and m is the unique
Radon µ̂-invariant measure on Hor(Γ) and invariant by right ation of Kα (we
denote by ν̂ the image of the measure ν by the inversion on the group).
We observe the measure m is nite if and only if µ(φ) < 0; in this ase the total
mass is − 1µ(φ) .
The hypothesis that µ is spread out is not neessary when Γ is a sub-group
of Aff(T) that ats in suiently regular way and, in partiular, when the random
walk is supported by Aff(Qp) or by the Lamplighter group and we look at the limits
towards a point of ∂∗T.
The haraterization of the limits of potential kernel is the starting point for a
more detailed study for random walks on Aff(T). Using the identiation, due to
Woess [Woe95℄, of the Martin boundary of a random walk on a transitive subgroup
of the tree isometries with the tree boundary, we proved in [Bro02℄ that, if the
measure µ has a ompat support and ontinuous density, it is possible to give an
integral representation of µ-invariant measures by mean of the measures να. For
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instane if µ(φ) = 0, then every µ-invariant measure ν on Γ an be written in a
unique way as
ν = cνm
r
Γ +
∫
∂∗T
να ην(dα)
where mrΓ is the right Haar measure of Γ. By this integral representation, in its
turn, one an prove the uniqueness of the measure µ-invariant on the right and the
left, and, by Guivar'h's quotient theorems, a loal limit theorem, as in the real ase
(f.[LPP97℄). Under suitable moment and regularity onditions, when µ(φ) = 0, one
an prove that
lim
n→∞
c(n)n3/2µ(n) = m′ ∗m〈s〉 ∗ m̂
where m′ is the unique µ-invariant measure on Hor(Γ) and invariant by right ation
of Kα, and c(n) is a sequene uniformly bounded away from 0 and +∞, that an
be proved to be onstant when Γ = Aff(Qp).
We would like to onlude this setion giving the guiding line of our study.
One of our main tools is a renewal equation, that says there exists a probability
measures ρ suh that
ρ ∗ U = να on {g ∈ Γ |φ(g) ≤ 0} ,
namely when the starting point of the right random is distributed as ρ its potential
measure is given by the limit measure, at least on half of the group. This equality
is proved, after some preliminary results, at the end of the next setion.
The seond main step is to determine some fundamental invariane properties
for the aumulation points of the potential kernel. In partiular we need to show
that these aumulation points are left invariant:
lim
n→∞
gn ∗ U = lim
n→∞
gng ∗ U ∀g ∈ Γ
whenever the limit exists. This is a neessary ondition to show that the potential
kernel an be ontinuously extended to the tree boundary, beause it easily heked
that whenever gn → α then also gng → α. It is at this stage that there are the main
dierenes from the real ase and where the hypothesis that µ is spread out arise.
In setion 3 we show this and other regularity properties and we give the proves of
our main results.
2. Preliminary results and a renewal equality
In this setion we are going to give some preliminary results. In the rst sub-
setion we desribe the onvergene of the right random walk to the boundary
improving a result originally due to Cartwright, Kaimanovih and Woess [CKW94℄.
Next we analyze the ation of the random anities on the bottom boundary of
the tree, ∂∗T. Finally we provide a renewal equality, for both the ation on the
boundary and the random walk on the group, that will serve as one of our main
tools. For this last result we use similar methods as those that have been used for
the study of random walks of the real ane group by Babillot, Bougerol and Elie
in [BBE97℄.
2.1. Convergene of the random walk to the boundary. Sine the losed
subgroup generated by the support of the law µ is non-exeptional, the random
walks Ln and Rn are transient so that the aumulation points of their trajetories
lie on the boundary of the tree. Namely the right random walk onverges to a
random variable on the boundary ∂T.
Theorem 2.1. Suppose that E[|φ(X1)|] <∞.
(1) If µ(φ) < 0 then Rn → ω almost surely.
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(2) If µ(φ) > 0 and E[|X1|] < ∞ then Rn → ξ∞ almost surely where ξ∞ is a
random element in ∂∗T. The law m of ξ∞ is supported by ∂
∗Γ and arries
no point mass.
(3) If µ(φ) = 0 and E[|X1|] <∞ then Rn → ω almost surely.
Proof. Results (1) and (2) are in [CKW94℄, who proved (3) only under an exponen-
tial moment ondition. Our proof of (3) uses a method developed in [Bro03℄.
For all x ∈ T, onsider the one
Cx = {y ∈ T : x  y} .
We show that for every x ∈ T
P[Rno ∈ Cx innitely often ] = 0.
Let mrΓ be the right Haar measure of Γ. First, we prove that for all x ∈ T and
mrΓ-almost all g ∈ Γ
P[gRn+1o ∈ Cx, gRno 6∈ Cx innitely often ] = 0.
Using the Borel-Cantelli Lemma, it is suient to show that
∞∑
n=0
P[gRn+1o ∈ Cx, gRno 6∈ Cx] = g ∗ U(ψ) < +∞
where ψ(g) = P[gX1o ∈ Cx, go 6∈ Cx], and using Lemma 2.2 in [Bro03℄ we just need
to show that ψ is mrΓ-integrable.
Observe that∫
Γ
ψ(g)mrΓ(dg) = E
[∫
Γ
1[gX1o∈Cx, go 6∈Cx]m
r
Γ(dg)
]
= E
[∫
Γ
1[go∈Cx,gX−11 o 6∈Cx]
mrΓ(dg)
]
and that{
g ∈ Γ : go ∈ Cx, gX
−1
1 o 6∈ Cx
}
=
{
g ∈ Γ : go ∈ Cx, g(o ∧X
−1
1 o) 6∈ Cx
}
=
⋃
y∈S
V (y → o)
where V (y → o) = {g ∈ Γ : gy = o} and S is the geodesi segment that joins o
to the vertex immediately before o ∧ X−11 o (or the empty set if o ∧ X
−1
1 o = o).
Observe that for any anity γ suh that γy = o one has V (y → o) = V (o → o)γ,
thus mrΓ(V (o → o)) = m
r
Γ(V (y → o)) for all y. Sine the segment S ontains
exatly −φ(o ∧X−11 o) verties, we have∫
Γ
1[go∈Cx,gX−11 o 6∈Cx]
mrΓ(dg) ≤ −φ(o ∧X
−1
1 o)m
r
Γ(V (o→ o))
so that∫
Γ
ψ(g)mrΓ(dg) ≤ E
[
−φ(o ∧X−11 o)
]
mrΓ(V (o→ o)) ≤ E[|X1|]m
r
Γ(V (o→ o)) < +∞.
We proved that for almost all g, almost surely, gRno annot pass from C
c
x to Cx
but a nite number of times.
As the set V (x→ x) is open and has then stritly positive Haar measure, there
exists g ∈ V (x→ x) suh that the event
[gRn+1o ∈ Cx, gRno 6∈ Cx] =
[
Rn+1o ∈ g
−1Cx, Rno 6∈ g
−1Cx
]
= [Rn+1o ∈ Cx, Rno 6∈ Cx] .
takes plae only a nite number.
On the other hand the vertex set of the tree is ountable, whene almost surely
∀x ∈ T : Rn+1o ∈ Cx, Rno 6∈ Cx a nite number of times.
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If µ(φ) = 0, the random walk φ(Rn) is reurrent on Z, and visits the interval
]−∞, φ(x)] innitely often. In partiular Rno ∈ C
c
x innitely often. As Rn annot
go bak to Cx but a nite number of times, we onlude that it is in C
c
x for all
suiently large n . 
2.2. Ation on ∂∗T. As we have noted, the ane group has a natural ation on
the boundary of the tree that may also be onsidered as a boundary for the group
itself; the behavior of the Markov hain on ∂∗T provides then useful information
for the study of the random walk on the group itself.
The analogue of this Markov hain in the setting of real ane group is the proess
indued on R by the natural ation. We may note that while in the real ase the
joint behavior of this hain and of the homotheti omponent desribes ompletely
the random walk, this does not hold on the tree beause the proess on the group
is more omplex. In fat the Aff(T) is the semi-diret produt of Z and of the
horoyli group Hor(T), that is bigger than the boundary of the tree.
To understand the behavior of the random walk on the group we also need
to analyze the proess indued on the horoyli group by the ation of Aff(T).
However the tehniques we are going to use annot be applied diretly in this setting,
mainly beause the ation of Z on the horoyli group is not suiently ontrative.
However at the end of this setion we will be able to dedue, as a orollary, some
results in this ontext as well.
Let Υ0 be a random variable dened on the probability spae (Ω,P), with value
in ∂∗T, independent from the inrements {Xn}n of the random walk. The Markov
hain indued on ∂∗T is the proess
Υk = LkΥ0 = Xk · · ·X1Υ0.
Its transition kernel is
Pf(υ) = E[f(X1 · υ)] =
∫
Aff(T)
f(gυ)µ(dg) = µ
·
∗ υ(f).
(Here the symbol
·
∗ denotes the onvolution of a measure on the group Γ and a
measure on a Γ-spae).
The proofs of some results of this setion are formally very similar to the ana-
logues in the real ase. We have translated them in this setting for readers on-
vienene and they an be found in the appendix.
The behavior of this hain is diretly related to the random walk Sn = φ(Ln) on
Z, that ontains the information on how the random anities ontrat or dilate the
boundary.
When µ(φ) = E[φ(X1)] 6= 0, one may diretly obtain properties of transiene or
reurrene of the indued Markov hain from what is known for the proess on the
group.
Proposition 2.2. Suppose that E[|X1|] <∞.
(1) If µ(φ) < 0 then for all υ ∈ ∂∗T
lim
n→∞
Lnυ = ω almost surely
and the hain {Υn}n is transient.
(2) If µ(φ) > 0, the law m of the random variable ξ∞ = lim
n→∞
Rn is the unique
probability measure for the Markov hain on ∂∗T, thus {Υn}n is positive
reurrent. Furthermore for all υ in ∂∗T {Lnυ}n visits innitely often every
open set of ∂∗T of non null m-measure, almost surely.
Proof. see Appendix 
RENEWAL THEORY ON THE ORIENTED TREE 13
A lassial tehnique to deal with the entered ase, µ(φ) = 0, is to extrat
from the original hain a sub-hain with positive drift, to whih one an apply the
previous results. We onsider the sequene of ladder stopping times lk giving the
times when the random walk Sn = φ(Ln) on Z reahes a new maximum
lk = min{n > lk−1 : Sn > Slk−1} and l0 = 0.
The proess obtained regarding the left random walk at these times
Llk =
(
Xlk · · ·Xlk−1+1
)
Llk−1
is still a left random walk, whose law, that is the law of Ll1 , will be denoted by µl.
For onveniene we also set l1 = l.
The drift of this random walk is learly positive (eventually innite)
E[φ(Ll)] > 0,
but to apply the previous results one has to make sure that its law is integrable and
for this we need a moment of order 2 + ε .
Lemma 2.3. The losed group generated by the support of the law of Ll1 oinide
with the group generated by the support of µ and if one assume that
E
[
φ(X1)
2 + |b(X1)|
2+ε
]
< +∞
then
E[|Ll|] < +∞.
Proof. The result is proved in [CKW94℄ (Proposition 4), with the slight dierene
that there it is formulated for right random walk and dereasing ladder times. 
Under this stronger moment hypothesis, we an apply to the random walk Lln
the results of the previous proposition, in partiular to ensure that the Markov
hain Υln has a unique invariant probability measure that is denoted ml. We get
then the following results:
Proposition 2.4. Suppose that µ has a moment of order 2 + ε and that µ(φ) = 0.
Then the hain Υn is reurrent, in the sense that almost surely for all υ in ∂
∗T the
hain Lnυ visits innitely often every open set of non null ml-measure. Furthermore
there exists a unique µ-invariant Radon measure on ∂∗T.
Proof. Applying to Llnυ the results of Proposition 2.2, we obtain that Llnυ visits
innitely often every open set of non null ml-measure, whene, a fortiori, the same
holds for Lnυ.
Thus for every υ ∈ ∂∗T and any non-negative ontinuous funtion f on ∂∗T suh
that ml(f) 6= 0
+∞∑
n=0
Pnf(υ) = E[f(Ln · υ)] = +∞
and the hain is topologially onservative. As P is a Feller operator, by [Lin70℄
(Theorem 5.1), the hain Υn has an invariant Radon measure.
In the next lemma we shall prove what is known in as loal ontration prop-
erty. Using this result and Chaon-Ornstein Theorem one obtains uniqueness of the
invariant measure along the same lines in [Bro03℄, Theorem 3. 
In the entered ase the random walk Ln has neither a ontrating or dilating
ation, as the distane between two trajetories
Θ(Lnυ, Lnς) = q
−φ(Ln)Θ(υ, ς)
does not onverge to zero as in the ase of positive drift , nor to +∞ as in the ase
of negative drift, but osillates between these two extremes. However, if we do not
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look globally at this proess but only through a ompat window, we an reover a
stability property:
Lemma 2.5. If the measure µ has a rst moment and if µ(φ) = 0, for all ompat
set K in ∂∗T and for every pair of ends υ, ς ∈ ∂∗T , almost surely
(2.1) lim
n→∞
Θ(Lnυ, Lnς) 1K(Lnυ) = lim
n→∞
Θ(υ, ς) q−φ(Ln)1K(Lnυ) = 0.
Proof. The loal ontration (2.1) is a diret onsequene of the fat that, in the
entered ase, the right random on Aff(T) onverges to the mythial anestor ω.
Suppose that (2.1) does not hold. Then there exists a one with vertex y ∈ T
Cy = {x ∈ T ∪ ∂
∗T : x  y}
and an integer M suh that, with probability 1,
Lnυ ∈ Cy and φ(Ln) < M for innitely many n.
Then for any x in the geodesi υω suh that φ(x) < φ(y) −M one has
1 = P[Lnx ∈ yω innitely often] = P
[
x ∈
(
L−1n y
)
ω innitely often
]
≤ P
[
L−1n y ∈ Cx innitely often
]
.
On the other hand
L−1n = X
−1
n · · ·X
−1
1 = Rˆn
is a right random walk with rst moment and null drift. Thus we have obtained
a ontradition, beause we know by Theorem 2.1 that L−1n = Rˆn → ω almost
surely. 
As in the real ase, it is possible to onstrut the unique invariant Radon measure,
m, using the invariant probability measure, ml, of the ontrating sub-hain, in the
following way:
(2.2) m(f) =
1
E[Sl]
∫
∂∗T
E
[
l−1∑
k=0
f(Lk · υ)
]
ml(dυ)
Using the strong Markov property one an see that m is µ-invariant. Observe that
the stopping time l is not integrable (f. [Spi64℄), so that the measure m does not
have nite mass. The fat that it is nite on ompat sets is not evident and it will
proved in the next sub-setion in Corollary 2.7.
The measure (2.2) an also be dened if the step law of the random walk has
rst moment and the drift is positive. In this ase the time l is integrable and m
has total mass equal to
m(∂∗T) =
E[l]
E[Sl]
=
E[l]
E[l]E[S1]
=
1
µ(φ)
.
by Wald's equality (f. [Doo53℄, page 350). This measure is then just a normaliza-
tion of the unique invariant probability measure.
2.3. A renewal equality. In order to obtain the announed renewal equality we
onsider the joint ation of random anities on both the bottom boundary and the
integers. In other words the result onerns the Markov hain on ∂∗T × Z whose
transition kernel is
P˜ f(υ, z) = µ
·
∗ (υ, z)(f) = E[f (X1 · (υ, z))] = E[f(X1υ, φ(X1) + z)]
and whose potential kernel is
∞∑
n=0
P˜nf(υ, z) = U
·
∗ (υ, z)(f)
where U =
∑∞
n=0 µ
(n)
is the potential measure of the random walk on the group.
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Proposition 2.6. Assume that µ(φ) > 0 and a moment of rst order or that
µ(φ) = 0 and a moment of order 2 + ε. Let m be the measure dened in (2.2).
There exists a probability measure p on ∂∗T × Z suh that for every non-negative
funtion f with support in ∂∗T× Z+
(2.3) U
·
∗ p(f) = m×mZ(f)
where mZ is the ounting measure on Z.
Proof. see Appendix 
As announed, a diret onsequene of this result is the following
Corollary 2.7. Under the hypothesis of the previous proposition, the measure m
dened in (2.2) is a Radon measure and oinides with the unique µ-invariant Radon
measure on ∂∗T.
Proof. As the random walk on the ane group is transient, its left potential kernel
U ∗ g(f) is bounded for every bounded funtion f with ompat support. As the
group Γ = Hor(Γ)⋊ Z is a ompat extension of ∂∗T× Z , it easy to see that also
the potential kernel of the hain indued on ∂∗T× Z that is
U
·
∗ x(f) =
∫
Γ
f(g · x)U(dg)
is bounded in x ∈ ∂∗T× Z for any bounded ompatly supported funtion f .
Let K be a ompat set of ∂∗T, then, as p is a probability, one has
m(K) = m×mZ(1K × 1{0}) =
∫
∂∗T×Z
U
·
∗ x(1K × 1{0})p(dx) < +∞

2.4. Ation on Hor(Γ) and a renewal equality on the group. To understand
the random walk on the group Γ, we are also interested on the proess indued on
the horoyli group by the ation dening the semi-diret produt Γ = Hor(Γ)⋊sZ,
that is
g · b := b(g)sφ(g)bs−φ(g) = gbs−φ(g).
Even if the tehniques that we have used are not ompletely adapted to this setting,
we an easily dedue some useful results.
As we have observed, the bottom boundary of the tree is homeomorphi to the
quotient of the horoyli group by the ompat stabilizer of an end α, that is
∂∗Γ = Hor(Γ)/Kα. It is then possible to extend any measure, m, on ∂
∗Γ to a
measure, m, on Hor(Γ) by setting
(2.4) m(f) =
∫
∂∗Γ×Kα
f(xk)mKα(dk)m(dx)
where mKα is the Haar measure of Kα. By onstrution m is right invariant by the
right ation of the rotations Kα and, above all, it is well adapted to the ations of
the group Γ on the boundary and on the horoyli group, respetively. In fat for
every anity g, one has
g
·
∗ m = g
·
∗ m.
Thus, whenever one has an invariant measure on the boundary, its possible to extend
it to an invariant measure on the horoyli group (right invariant by ation of Kα).
It is also possible to extend the renewal equality of Proposition 2.6 to Hor(Γ)× Z,
in order to get a renewal equality on the whole group. To resume, we obtain the
following
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Corollary 2.8. Assume that µ(φ) > 0 and a moment of rst order or that µ(φ) = 0
and a moment of order 2 + ε. Then there exists a µ-invariant Radon measure, m,
on Hor(Γ) obtained by extension of the invariant measure on ∂∗Γ. This measure
has nite mass if and only if µ(φ) > 0.
If m is normalized in suh a way that it is the extension of the measure dened
(2.2), than there exists a probability p on Γ suh that
(2.5) U ∗ p = m×mZ = m ∗m〈s〉 on {g ∈ Γ |φ(g) ≥ 0} ,
where m〈s〉 is the ounting measure on the group 〈s〉 = Z.
Proof. Just observe that equation (2.5) an be obtained proeeding as in Proposition
2.6, where we never really used the struture of the hain on the boundary, but
just the fat that there exists a probability measure for the ontrating sub-hain.
Otherwise, we an obtain (2.5) by extension from its equivalent in the boundary
ase by setting
p(f) =
∫
∂∗T×Kα×Z
f(xksh)mKα(dk)p(dx dh).

The question that remains still open is whether the µ-invariant measure dened
by extension is the unique invariant measure, or, in other words, if all invariant
measures are invariant by Kα. In the ase of p-adi ane group, it seems likely
to have a positive answer, that ould be obtained regarding the random walk on
the group of rotations obtained by projetion. In the general ase there is no suh
anonial projetion on Kα and the solution do not seem to be so evident.
Remark. As we did not impose ontinuity onditions on the law of the random
walk, we an apply these results to produts of random ane transformations with
rational oeients, onsidered as random walks on the group Aff(Qp). One obtains
the following
Corollary 2.9. Let µ be a measure on Aff(Q) = Q ⋊ Q∗. Let t and a be the
projetions of Aff(Q) on Q and Q∗ respetively. Assume the measure µ is irreduible
on Aff(Qp) i.e.
P
[
|a(X1)|p = 1
]
< 1 and ∀y ∈ Q : P[a(X1)y + t(X1) = y] < 1
and that moment onditions of the preeding theorems are satised.
Then if E
[
log |a(X1)|p
]
≤ 0 there exists a unique µ-invariant Radon measure on
Qp, that has nite mass if and only if E
[
log |a(X1)|p
]
< 0.
It is easily heked the measure m ×mZ is left µ-invariant on the group. Thus
for every integrable funtion f , the funtions
h((t, a)) = (t, a) ∗ (m×mZ)(f)
are non-trivial right harmoni on Aff(Q), and they are bounded if E
[
log |a(X1)|p
]
<
0 and f is bounded.
The group of ane transformations with rational oeients is usually regarded
as a dense subgroup of the group of ane transformations with real oeient,
Aff(R). However, generi random walks on Aff(Q) do not always behave as random
walks that are ompletely adapted to the topology of Aff(R), like those whose law
is spread out on the latter group. For instane it is known that in this last ase
when E[log |a(X1)|] < 0, there is no bounded harmoni funtion, i.e the Poisson
boundary is trivial. On the other hand it has been shown ([Kai91℄) that for random
walks on the ane group of dyadi integers suh that
E[log |a(X1)|] = −E[log |a(X1)|2] <
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the Poisson boundary is not-trivial and oinide with Q2. The last orollary shows
that every random walks on Aff(Q) whose p-adi drift is negative (for some p) has
a non trivial Poisson boundary (independently from the real drift). It seems likely
that a omplete desription of the Poisson boundary of the random walk on Aff(Q)
an be obtained immersing this group simultaneously in the real ane group and
in all the p-adi ones.
3. Limit measures of the potential kernel
This setion is devoted to the study of the limit measures of the potential kernel
near the boundary of the group. W.Woess [Woe95℄ studied the asymptoti behavior
of the Martin kernel (i.e. the normalization of the potential kernel) for a random
walks, with ontinuous and ompatly supported density, on any losed and transi-
tive group of isometries of homogeneous tree and showed that the Martin boundary
an be identied with ∂T. For the potential kernel of random walks on Aff(T) it is
possible to obtain the same kind of results of ontinuous extension to the geomet-
rial boundary without asking for a ompat support and moreover to obtain the
form of the limit measures in terms of the invariant measure on the boundary and
of the ounting measure on Z.
In omparison with Elie's works on Lie groups, by whih our study was orig-
inally inspired, we have to fae, as we announed, some new phenomena of non-
ommutativity and the lak of stiness of the tree struture. The use of the renewal
equality introdued in the last setion enables us to appreiably simplify the proofs
and, mostly, to avoid ontinuity hypotheses for random walks on suiently regular
groups, as Aff(Qp), when one looks to the limit of the potential kernel towards a
point of ∂∗T.
Its also worth observing that all the onlusions of this papers an be obtained in
the same way for the real ase. In partiular we an improve Elie's results assuring
that even if the measure is not spread out, the assoiated potential kernel on on the
real ane group, (t, a) ∗ U , onverges to a limit measure whenever (t, a) onverges
to (t0, 0).
In our study, we will need the following general results on uniform ontinuity of
the potential kernel (f. [Éli82℄, Proposition 2.7 and Theorem 2.9)
Lemma 3.1. Let {gn}n be a sequene of elements in Γ suh that {gn ∗ U}n vaguely
onverges.
(1) Left ontinuity. There exists a subsequene {gnk}k suh that, for all y ∈ Γ,
the measure sequenes {ygnk ∗ U}k vaguely onverge. Furthermore, for all
f ∈ Cc(Γ), the sequenes {ygnk ∗ U(f)}k onverge uniformly when y is in a
ompat set.
(2) Right ontinuity. If µ is spread out, there exists a subsequene {gnk}k suh
that, for all y ∈ Γ, the measure sequenes {gnky ∗ U}k vaguely onverge.
Furthermore, for all f ∈ Cc(Γ), the sequenes {gnky ∗ U(f)}k onverge uni-
formly when y is in a ompat set.
We observe that left ontinuity is almost straightforward, while right ontinuity
is a more subtle phenomenon, that requires a stronger regularity ondition (the
measure is spread out). We will often use this Lemma to guarantee that when we
perturb the sequene gn (to the right or to the left) by a sequene yn that onverges
to y, then on a sub sequene the limit does not hange if we replae yn by y; for
instane
(3.1) lim
k→∞
gnkynk ∗ U(f) = lim
k→∞
gnky ∗ U(f).
As the struture of the limit measures in a neighborhood of ω diers from the
struture of the limit measure in the neighborhood of a point in the bottom bound-
ary ∂∗Γ, we will study the two ases in two dierent sub-setions.
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3.1. Limits near ∂∗T. We start by showing some invariane properties for the
aumulation point of the potential kernel. In a seond step using these results and
the renewal formula of the previous setion, we show that it is possible to extend
by ontinuity the potential kernel to ∂∗Γ.
3.1.1. Invariane properties. The struture of the limit measures depends not only
on how the anities at on the verties at nite distane, but also on how they
at near the boundary of the tree. Observe that while the rst of these ations
is ompletely adapted to the topology of pointwise onvergene on the tree), the
seond ation is not at all related to it: one an onstrut a sequene of elements of
Aff(T) that is loser and loser to the identity, but suh that they at non trivially
on a sequene of sets suiently far away from the origin. For the subgroups of
Aff(T) that have homogeneous ation on the tree (as Aff(Qp)) this problem does
not our, but for more general subgroups to link the topology of the group and the
ation near the boundary will require the right ontinuity of the potential kernel
(and therefore the spread out hypothesis on µ ).
The following lemmas are intended to larify the behavior of an anity near the
boundary, and more preisely what happens if it is onjugates with a sequene of
transformations that let one see how it ats faraway from an end α.
Lemma 3.2. Let α ∈ ∂∗T be a xed end of the tree and let s ∈ Γ be a referene
homothety suh that sα = α and φ(s) = 1. Then, for every g ∈ Γ, the sequene
{sngs−n}n∈N is relatively ompat and all its aumulation points x α. Further-
more, if g ∈ Hor(Γ) then the aumulation points belong to Kα.
Proof. We rst observe that {sngs−nα}n onverges to the end α, in fat
lim
n→∞
Θ(α, sngs−nα) = lim
n→∞
Θ(snα, sngα) beause snα = α
= lim
n→∞
q−nΘ(α, gα)(3.2)
= 0.
Sine φ(sngs−n) = φ(g), the elements of the sequene {sngs−n}n belong, for every
suiently large n, to the ompat sets of Γ of the form
V (αm → αm+φ(g)) =
{
γ ∈ Γ : γαm = αm+φ(g)
}
for every integerm, where αm is the vertex of the geodesi αω suh the φ(αm) = m.
Thus every aumulation point of {sngs−n}n belongs to⋂
m∈Z
V (αm → αm+φ(g)) =
⋂
m∈Z
sφ(g)V (αm → αm) = s
φ(g)Kα
and it xes the end α. 
If Γ is a subgroup that ats homogeneously on the tree, then the sequene sngs−n
onverges and its limit is given by the rotation and homotheti omponent of enter
α of g. For instane if Γ = Aff(Qp) = Q
∗
p×Qp, and we hose as referene homothety
s = (p, 0), then for g = (a, x), the sequene {sngs−n}n onverges to (a, 0). This
does not hold for general subgroup, beause the homothety s does not ommute
with the rotations, and this onstitutes one of the main dierenes with the study
of the renewal on Lie groups. L.Elie in [Éli82℄ has in fat shown that any almost
onneted Lie groups whose potential kernel has an innite number of aumulation
points is the semi-diret produt of a nilpotent Group (of translations) and of the
diret produt of a ompat Lie group (the rotations) and R (the homotheties).
In the following lemma enables to get round the problem that for b ∈ Hor(Γ) the
sequene {snbs−n}n does not onverge by giving an approximation of its aumu-
lation points with sequenes of the form {snkrks
−nk}k, where {rk}k is a sequene
that onverges to a rotation r. Roughly speaking r tells how b ats far away from
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α, but this information depends on the subsequene nk (i.e. on the esape speed
from α) and, in a general ase, it is not related on how b behaves near α.
Lemma 3.3. Let n = {nk}k∈N be a sequene in Z suh that limk→∞ nk = +∞.
Then for every b ∈ Hor(Γ) there exists a sequene {rl}l in Hor(Γ) that onverges to
a rotation r in Kα and a subsequene m = {ml}l∈Z of n suh that
lim
l→∞
smlb−1rls
−ml = e
Proof. By the preeding lemma one knows that there is a subsequene n
′
of n suh
that
{
sn
′
kbs−n
′
k
}
k
onverges and, therefore, is a Cauhy sequene, i.e.:
lim
k→∞
(
sn
′
kbs−n
′
k
)−1
sn
′
k+ibs−n
′
k+i = e
uniformly in i ∈ N. Let {ik}k∈N be a sequene of natural numbers suh that
n′k+ik − n
′
k onverges to +∞, when k goes to +∞. Aording to Lemma 3.2 the
sequene
bk = s
n′k+ik
−n′kbs−(n
′
k+ik
−n′k)
is relatively ompat, so that it is possible to extrat a onvergent subsequene
{bkl}l∈N. Let rl = bkl , let r be the rotation of enter α obtained as limit
r = lim
l→∞
rl = lim
l→∞
bkl
and let ml = n
′
kl
; then
lim
l→∞
smlb−1rls
−ml = lim
l→∞
sn
′
kl b−1
(
s
n′kl+ikl
−n′kbs
−(n′kl+ikl
−n′kl
)
)
s−n
′
kl
= lim
l→∞
(
sn
′
kl bs−n
′
kl
)−1
s
n′kl+ikl bs
−n′kl+ikl
= e.

Using the last lemma along with the uniform ontinuity properties that we have
when the measure µ is spread out, we are able to obtain some invariane properties
for the limit measure of the potential kernel; we determine a set of periods for limit
measures ν, that is the elements γ of the group Γ suh that
γ ∗ ν = ν,
and we show that the limit measure depends only on the speed on of onvergene
to the boundary.
Theorem 3.4. Suppose that the measure µ is spread out on Γ. Let {gn}n∈N be a
sequene in Γ that onverges to α ∈ ∂∗T and suh that the measures gn ∗U vaguely
onverge to ν. Then:
1. There exists a subsequene {gnk}k suh that
lim
k→∞
gnkg ∗ U = ν for all g ∈ Γ
2. Every element of Γ that xes α is a period for ν.
3. If s ∈ Γ is suh that sα = α and φ(s) = 1 then
lim
n→∞
gn ∗ U = lim
n→∞
sφ(gn) ∗ U.
Proof. First suppose that gk = s
nk
with s ∈ Γ suh that sα = α and φ(s) = 1.
1. Possibly extrating a subsequene, one knows (Lemma 3.1) that the Radon
measures
νg = lim
k→∞
snkg ∗
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are well dened for every g ∈ Γ and that this family depends ontinuously on g.
Therefore the group
P = {b ∈ Hor(Γ) : ∀g ∈ Γ νbg = νg}
is losed. We rst prove that P is normal in Γ. In fat, if γ ∈ Γ and if the
subsequene
{
sn
′
kγs−n
′
k
}
k
onverges to γ′ (see Lemma 3.2), then for all b ∈ P
νγbγ−1g = lim
k→∞
sn
′
kγbγ−1g ∗ U
= lim
k→∞
sn
′
kγs−n
′
k ∗ sn
′
kbγ−1g ∗ U
= γ′ ∗ lim
k→∞
sn
′
kbγ−1g ∗ U using uniform left ontinuity
= γ′ ∗ νbγ−1g
= γ′ ∗ νγ−1g
= γ′ ∗ γ′
−1
∗ νg using uniform left ontinuity
= νg
so that γbγ−1 ∈ P .
Next we show that P \Hor(Γ) is ompat. In fat the preeding lemma says that
for all b ∈ Hor(Γ) it is possible to nd a sequene {rk}k in Hor(Γ) that onverges
to an element r ∈ Kα and a subsequene suh that s
n′kb−1rks
−n′k
onverges to the
identity. Then
νb−1rg = lim
k→∞
sn
′
kb−1rg ∗ U
= lim
k→∞
sn
′
kb−1rkg ∗ U using uniform right ontinuity
= lim
k→∞
sn
′
kb−1rks
−n′k ∗ sn
′
kg ∗ U
= lim
k→∞
sn
′
kg ∗ U beause sn
′
kb−1rks
−n′k → e
= νg
i.e. b−1r ∈ P , that is the lass Pb has a representative r in Kα. Let now π be the
projetion of Hor(Γ) on P \Hor(Γ). Then P \Hor(Γ) = π(Kα) is ompat, beause
π is ontinuous and Kα is ompat.
We will now show that νg = ν for every g ∈ Γ. Fix a funtion f ∈ Cc(Γ) and
dene the funtion h by
h(g) = νg(f)
Note that h is bounded beause the potential kernel is bounded, that it is ontinuous
by uniform right ontinuity and that it is µ-harmoni on the right beause
h ∗ µ(g) =
∫
Γ
lim
k→∞
snkgγ ∗ U(f)µ(dγ)
= lim
k→∞
∫
Γ
snkgγ ∗ U(f)µ(dγ) by dominated onverene
= lim
k→∞
snkg ∗
∞∑
i=0
µ(i) ∗ µ(f)
= lim
k→∞
snkg ∗
∞∑
i=1
µ(i)(f)
= lim
k→∞
snkg ∗ U(f)− f(snkg)
= h(g) beause f has ompat support.
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As h is invariant by left translation of every element of the group P , it projets
onto a funtion on P \ Γ,
h(Pg) = h(g),
that is harmoni for the measure µ obtained by projetion of µ on P \ Γ. The
group P \ Γ is not Abelian, but taking the left quotient by the ompat subgroup
P \Hor(Γ), one obtains
(P \Hor(Γ)) \ (P \ Γ) ∼= Hor(Γ) \ Γ ∼= Z.
Thus we are able to use a generalization to the ompat extensions of Z of Choquet-
Deny theorem, due to Guivar'h, f. Théorème V.2 [Gui73℄ (an aperiodi measure
in this paper is a measure that generate Γ as losed group), and onlude that every
ontinuous bounded harmoni funtion on P \ Γ is onstant. Hene the funtion h
and therefore also h are onstant and we an onlude that
νg(f) = h(g) = h(e) = νe(f) = ν(f) ∀g ∈ Γ.
2. We an now show that every γ ∈ Γ that xes α is a period of the limit measure
ν. We rst note that, as γ xes α, the sequene s−nkγsnk is relatively ompat
beause s−nkγsnkα = α and φ(s−nkγsnk) = φ(γ) (we have here a situation that
is in some sense the opposite to Lemma 3.2, where we showed that snkγs−nk is
relatively ompat). Let
{
s−n
′
kγsn
′
k
}
k
be a subsequene that onverges to γ′ then
by right ontinuity
γ ∗ ν = lim
k→∞
sn
′
k
(
s−n
′
kγsn
′
k
)
∗ U = νγ′ = ν.
That ends the proof of points 1 and 2 when gk = s
nk
.
3. Let now {gk}k be a generi subsequene that onverges to α. It an be
deomposed in an horoyli omponent and homotheti omponent by setting gk =
bks
nk
with bk ∈ Hor(Γ) and nk = φ(gk). We observe that nk → +∞, so that we are
able to apply to snk what we have proved so far. On the other hand the sequene of
the tree ends {bkα = gkα}k onverges to α, thus {bk}k is relatively ompat and all
its aumulation points are periods of the limit measure beause they x α. More
preisely for every subsequene along whih {snkg ∗ U}k onverges, we an extrat
a sub-subsequene along whih {bkl}l onverges to a rotation r in Kα, then
lim
l→∞
gklg ∗ U = lim
l→∞
bkl ∗ s
nkl g ∗ U
= r ∗ lim
l→∞
snkl g ∗ U
= lim
l→∞
snkl g ∗ U beause rα = α
Thus
lim
k→∞
gkg ∗ U = lim
k→∞
snkg ∗ U
and we onlude the proof of point 3.
The results of point 1 and 2 for a generi sequene {gk}k are a straightforward
onsequene of the last equality and of the analogous results for gk = s
nk
. 
When the group Γ ats on the tree in a suiently homogeneous and Abelian
way, the results of the previous theorem hold even if we do not assume that µ is
spread out. More preisely, we suppose that Γ satises to the following hypotheses
(HA) There exists an end α0 ∈ ∂
∗T suh that the stabilizer, A, of α0 in Γ is
Abelian. Besides it exists a measurable set, T , of left oset representa-
tives of A in Γ
Γ = TA
and a referene homothety c ∈ A with φ(c) = 1 suh that for every t ∈ T
we have
lim
n→∞
cntc−n = e
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In other words we require that Γ should be deomposed as produt of an Abelian
group of roto-homotheties A and of a set of translation T that ats asymptotially
like the identity far away from the enter of the bottom boundary ∂∗T. This hy-
pothesis holds if Γ is ontained in Aff(Qp) = Qp ⋊Q
∗
p (in whih ase we an hose
T ⊆ Qp and A ⊆ Q
∗
p and the ontration c may be hosen equal to (0, p)) and when
Γ is the losure of the Lamplighter group (then T is the losure of Zq and A = Z).
Proposition 3.5. Suppose that Γ satises to (HA). Let {gn}n be a sequene in
Γ that onverges to an end α ∈ ∂∗T and suh that {gn ∗ U}n onverges to a limit
measure ν. Then
1. There exists a subsequene {gnk}k suh that
lim
k→∞
gnkg ∗ U = ν for all g ∈ Γ
2. Every element of Γ that xes α is a period for ν.
3. If s ∈ Γ is suh that sα = α and φ(s) = 1 then
(3.3) lim
n→∞
gn ∗ U = lim
n→∞
sφ(gn) ∗ U.
Proof. The proof follows the same sheme of the previous theorem, being areful
that now the potential kernel is not a priori uniformly right ontinuous.
Let be c the ontration that appears in the hypothesis (HA). First, we suppose
that α is its enter α0, i.e. cα = α and that gk = c
nk
. For every funtion f ∈ Cc(Γ)
and every element g = ta of the group Γ, the sequene {cnkg ∗ U(f)}k is bounded
and onverges to a ∗ ν(f). In fat for every onvergent subsequene we have
lim
k→∞
cn
′
kg ∗ U(f) = lim
k→∞
cn
′
k tc−n
′
kcn
′
ka ∗ U(f)
= lim
k→∞
cn
′
ka ∗ U(f) beause of the left ontinuty
= a ∗ lim
k→∞
cn
′
k ∗ U(f) as A is Abelian
= a ∗ ν(f)
It is then possible to dene the funtion h on Γ
h(g) = lim
k→∞
cnkg ∗ U(f) = a ∗ ν(f),
that is ontinuous (beause a ∗ ν(f) is ontinuous), harmoni and bounded. As it
projets to a ontinuous bounded funtion on the Abelian group A that is harmoni
for the marginal of µ on A, it is has to be onstant by the Choquet-Deny Theorem.
This ends the proof of point 1.
We have also proved that
ν(f) = a ∗ ν(f) for all a ∈ A;
i.e. point 2.
To prove point 3 and to deal with a generi sequene {gn}n, we proeed exatly
as in the proof of the previous theorem.
If the sequene {gn}n onverges to another end α, we just need to onjugate by
an element of the group that sends α0 on α. 
3.1.2. Charaterization. This setion is devoted to the haraterization of the of the
limit measures on a neighborhood of the bottom boundary ∂∗Γ. This harateriza-
tion is given using the deomposition of Γ as semi-diret produt of Z and Hor(Γ).
Note that this deomposition depends on the hoie of a referene homothety s
and that the end α ∈ ∂∗T suh that sα = α is then onsidered as the enter of
the bottom boundary of the tree. Also observe that we denote by ν̂ the image of
measure ν on a group under the map g 7→ g−1.
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Theorem 3.6. Suppose that E[|φ(X1)|] <∞. Then the following holds :
1. If µ(φ) = E[φ(X1)] > 0, the only aumulation point of {g ∗ U}g∈Γ when g
onverges towards a point of ∂∗Γ is the null measure.
If we also suppose that µ is spread out or that Γ satises to the hypothesis (HA)
then
2. If µ(φ) < 0 and E[|X1|] < +∞ , then for every β ∈ ∂
∗Γ and for every b ∈ Γ
suh that bα = β
lim
g→β
g ∗ U = b ∗m〈s〉 ∗ m̂
where m〈s〉 is the ounting measure on the subgroup of Γ generated by s and m is
the unique µˆ-invariant Radon measure on Hor(Γ) with total mass equal to − 1µ(φ)
and invariant by right ation of Kα.
3. If µ(φ) = 0, E
[
φ(X1)
2
]
< +∞ and E
[
|b(X1)|
2+ε
]
< +∞ then for every
β ∈ ∂∗Γ and for every b ∈ Γ suh that bα = β
lim
g→β
g ∗ U = b ∗m〈s〉 ∗ m̂
where m is the unique µˆ-invariant Radon measure on Hor(Γ) dened as extension
to Hor(Γ) of the µˆ-invariant measure (2.2) on ∂∗T.
Proof. 1. If µ(φ) > 0, the random walk Sn = φ(Rn) on Z is transient and the only
aumulation point of its potential kernel , Uφ, in a neighborhood of +∞ is zero
(f. proposition 3.4 [Rev75℄). Thus for every bounded non negative funtion f with
ompat support on Γ there exists a bounded non negative funtion F with nite
support on Z suh that f(g) ≤ F (φ(g)); thus
0 ≤ lim
g→β
g ∗ U(f) ≤ lim
g→β
g ∗ U(F ◦ φ) = lim
g→β
Uφ(φ(g), F ) = 0
beause φ(g) onverges to +∞ when g onverges to β ∈ ∂∗T.
2. and 3. Let {gn}n be a sequene that onverges to α and suh that {gn ∗ U}n
onverges to a limit measure ν. We want to prove that νˆ = m〈s〉 ∗ m̂ .
Using Theorem 3.4, we an suppose that gn = s
φn
and we know that for all g ∈ Γ
ν = lim
n→∞
sφng ∗ U.
Let Û be the potential measure assoiated with the measure µˆ, image of µ under
group inversion. Then
ν̂ = lim
n→∞
̂sφng ∗ U = lim
n→∞
Û ∗ g−1s−φn .
As {φn}n onverges to +∞, for every funtion f with ompat support in Γ, the
funtions
x 7→
(
f ∗ s−φn
)
(x) = f(xs−φn)
have their support in Hor(Γ) × Z+ for suiently large n. As µˆ(φ) = −µ(φ) ≥ 0,
we an apply to µˆ the Corollary 2.8; thus there exists a probability p on Hor(Γ)
suh that for any suiently large n one has
Uˆ ∗ p ∗ s−φn(f) = Uˆ ∗ p(f ∗ s−φn) = m ∗m〈s〉(f ∗ s
−φn) = m ∗m〈s〉(f).
On the other hand, as p has nite mass, by dominated onvergene
lim
n→∞
Uˆ ∗ p ∗ s−φn(f) =
∫
Γ
lim
n→∞
Uˆ ∗ g ∗ s−φn(f)p(dg) =
∫
Γ
νˆ(f)p(dg) = νˆ(f).
This ends the proof in the ase β = α. When β 6= α, one just need to multiply on
the left by an element b ∈ Γ suh that bβ = α. 
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3.2. Limit near ω. We now study the limit measure in a neighborhood of the
mythi anestor, ω, and show that in this ase the limit is always zero.
Theorem 3.7. Suppose that µ is spread out and that φ(X1) is integrable. If
µ(φ) < 0, we also suppose that E[|X1|] < +∞, while if µ(φ) = 0 we suppose
that E
[
φ(X1)
2
]
< +∞ and E
[
|b(X1)|
2+ε
]
< +∞. Then
lim
g→ω
g ∗ U = 0.
We would like to observe that as, it an be seen in the proof, the hypothesis that
the measure is spread out is not needed when µ(φ) 6= 0 and g goes to ω in suh a
way that φ(g) goes to +∞.
Proof. If g onverges to ω in suh a way that φ(g) is bounded from above we an
diretly apply the Theorem 2.16 in [Éli82℄, whih says that on every non-unimodular
group, if the probability law of the random walk is spread out, the potential kernel
onverges to zero when g goes to innity in suh a way that the module of the Haar
measure of the group, that in our ase is ∆(g) = qφ(g), is bounded from above.
Therefore we only need to show that for every sequene {gn}n that onverges
to ω and suh that {φ(gn)}n onverges to +∞ and for every non-negative ontin-
uous funtion f with ompat support , {gn ∗ U(f)}n onverges to zero. We will
distinguish three ases aording to sign of the drift µ(φ).
Case 1: µ(φ) > 0. Exatly as in the proof of Theorem 3.6.1 in this ase one an
diretly apply the renewal theorem for the indued random walk on Z.
Case 2: µ(φ) < 0. First, note that in this ase the renewal theorem on Z says
that
lim
h→+∞
Uφ(h, ·) =
1
−µ(φ)
mZ
where mZ is the ounting measure. On the other side we have just seen in Theorem
3.6 that if one identies Z with the subgroup generated by the referene homothety
s then
lim
h→+∞
sh ∗ U = mZ ∗ m̂
where m̂ is a measure on Hor(Γ) whose mass is exatly 1−µ(φ) . Then for every
ompat set H in Z and every ε > 0 there exists a ompat open set Jε in Hor(Γ)
suh that
lim
h→+∞
sh ∗ U(HJcε ) = lim
h→+∞
sh ∗ U(HHor(Γ)−HJε)
= lim
h→+∞
Uφ(h,H)− lim
h→+∞
sh ∗ U(HJε)
= mZ(H)(
1
−µ(φ)
− m̂(Jε)) < ε;
i.e. the family of measures
{
sh ∗ U(H ·)
}
h∈N
is tight on Hor(Γ). Now x a ompat
set K in Γ and observe that g = b(g)sφ(g). Then
g ∗ U(K) = U(g−1K) = U(s−φ(g)b(g)−1K) = sφ(g) ∗ U(b(g)−1K).
Note that for every sequene {gn}n that onverges to ω in suh a way that {φ(gn)}n
onverges to +∞, also its projetion {b(gn)}n on the horoyli group and its inverse{
b(gn)
−1
}
n
onverge to ω. Let H be a ompat set of Z suh that φ(K) ⊆ H , then
for every ε > 0 and for all x ∈ K
b(gn)
−1x = sφ(x)s−φ(x)b(gn)
−1sφ(x)b(x) ∈ HJcε for any suiently large n .
Thus, for suiently large n, we have b(gn)
−1K ⊆ HJcε . We an onlude that
lim
n→∞
gn ∗ U(K) = lim
n→∞
sφ(gn) ∗ U(b(gn)
−1K) ≤ lim
n→∞
sφ(gn) ∗ U(HJcε ) < ε
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i.e. gn ∗ U(K) onverges to zero.
Case 3: µ(φ) = 0. Let m = max{φ(g) : g ∈ supp f} and for every xed g ∈ Γ let
t be the rst time when φ(g) + Sn = φ(gRn) is below m
t = inf{k ≥ 0 : φ(g) + Sk ≤ m}.
Thus for every n < t on has f(gRn) = 0, and therefore
g ∗ U(f) = E
[
+∞∑
n=0
f(gRn)
]
= E
[
t−1∑
n=0
f(gRn)
]
+ E[gRt ∗ U(f)] = E[gRt ∗ U(f)] .
We have already seen that, when γ onverges to ω in suh a way that φ(γ) is
bounded from above, γ ∗ U(f) onverges to 0. Hene for every ε > 0, there is a
ompat set Kε in Γ suh that
γ ∗ U(f) ≤ ε for all γ ∈ Kcε ∩ [φ ≤ m].
By denition φ(gRt) ≤ m therefore
g ∗ U(f) = E
[
(gRt ∗ U(f))1[φ(gRt)≤m]
]
≤ ε+ E
[
(gRt ∗ U(f))1[gRt∈Kε]
]
≤ ε+ CE
[
1[gRt∈Kε]
]
where C is the upper bound of the kernel g ∗U(f). Let now
{
l−k
}
k
the sequene of
the ladder stopping times when Sn = φ(Rn) reahes its minima:
l−k = min{n > l
−
k−1 : Sn < Sl−
k−1
)} et l−0 = 0.
Beause φ(Rt) is stritly smaller then the minimum of φ(Rn) for n < t, there exists
i ∈ N suh that t = l−i . Let Ul− be the potential measure of the random walk{
Rl−
k
}
k∈N
g ∗ U(f) ≤ ε+ CE
[
1[gRt∈Kε]
]
= ε+ CE
[
1[gR
l
−
i
∈Kε]
]
≤ ε+ CE
[
∞∑
k=0
1[gR
l
−
k
∈Kε]
]
= ε+ C g ∗ Ul−(Kε)
We remark that the random walk Rl−
k
satises the hypothesis needed to apply the
result of point 2 beause: E
[
φ(Rl−
1
)
]
< 0, Proposition 4 in [CKW94℄ states that
the norm of Rl−
1
is integrable and Lemma 2.26 in [Éli82℄ guarantees that its law
is spread out (the hypothesis that the group is almost onneted that is assumed
there is not neessary to prove this result). Thus
lim
g→ω
g ∗ U(f) ≤ ε+ lim
g→ω
g ∗ Ul−(Kε) = ε;
for every positive ε and we an onlude. 
Appendix: Proofs of setion 2
Proof of Preposition 2.2.
Proof. (1) The distane between Lnυ and a xed end α of ∂
∗T is given by
Θ(Lnυ, α) = q
−φ(Ln)Θ(υ, L−1n α).
As µ(φ) < 0, the random walk φ(Ln) on Z onverges almost surely to −∞. On the
other hand Theorem 2.1 states that the right random walk
L−1n = X
−1
1 · · ·X
−1
n = Rˆn,
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whose drift is E
[
φ(X−11 )
]
= −µ(φ) < 0, onverges to a random element ξˆ∞ of ∂
∗T,
whose law does not harge any point. Thus, for every end υ in ∂∗T, it exists a
sub-set Ωυ ⊆ Ω of measure 1 suh that on Ωυ:
lim
n→∞
φ(Ln) = −∞ and lim
n→∞
Rˆn = ξˆ∞ 6= υ;
therefore on Ωυ
lim
n→∞
Θ(Lnυ, α) = +∞.
(2) The probability measurem is µ-invariant. In fat, let f be a bounded ontinu-
ous funtion on ∂∗T and let X be a random variable on Aff(T) of law µ independent
from the sequene {Xn}n≥1 then
µ
·
∗ m(f) = E[f(Xξ∞)] = E
[
f(X lim
n→∞
X1 · · ·Xn)
]
= E
[
f( lim
n→∞
XX1 · · ·Xn)
]
as X ats onituously on Aff(T) ∪ ∂∗T
= E[f(ξ∞)] = m(f)
If m′ is another invariant probability measure and Υ0 a random variable on
∂∗T with law m′, independent from the inrements {Xn}n, then for every bounded
ontinuous funtion f on ∂∗T
η(f) = E[f(LnΥ0)] = E[f(RnΥ0)]
= lim
n→∞
E[f(RnΥ0)] = E
[
lim
n→∞
f(RnΥ0)
]
= E[f(ξ∞)] = m(f)
by dominated onvergene, Theorem 2.1 and sine
lim
g→ξ
gυ = ξ for all υ, ξ ∈ ∂∗T.
Thus there is a unique invariant probability measure, and, by the ergodi theorem,
for m-almost every υ, the Markov hain Lnυ visits innitely often every set of
positive m-measure. Furthermore, for open sets one an assure that this holds for
all starting point υ (and not only for almost all) beause of the ontrating property
of the Markov hain:
(3.4) lim
n→∞
Θ(Lnυ, Lnς) = lim
n→∞
q−φ(Ln)Θ(υ, ς) = 0.

Proof of Proposition 2.6.
Proof. For readers onveniene, we sketh the proof that formally follows the same
sheme as Proposition 2.1 in [BBE97℄.
We rst show that there exists a probability p on ∂∗T× Z suh that
(3.5) Ul
·
∗ p =
1
E[Sl]
(
ml × 1[0,+∞[mZ
)
where Ul =
∞∑
n=0
µ
(n)
l . Let ν˜l =
(
ml × 1[0,+∞[mZ
)
. We observe that for every
measurable non-negative funtion f :
µl
·
∗ ν˜l(f) =
∫
∂∗T×Z
E
[
f(Llυ, Sl + z)1[z≥0]
]
ml(dυ)mZ(dz)
=
∫
∂∗T×Z
E
[
f(Llυ, z)1[z−Sl≥0]
]
ml(dυ)mZ(dz)
≤
∫
∂∗T×Z
E
[
f(Llυ, z)1[z≥0]
]
ml(dυ)mZ(dz)
= ν˜l(f) beause ml is µl − invariant.
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Thus
p′ := ν˜l − µl
·
∗ ν˜l
is a positive measure and one alulates its total mass E[Sl]. Furthermore, for every
bounded non-negative funtion f = f1 × f2 suh that f2 has ompat support
lim
n→∞
µ
(n)
l
·
∗ ν˜l(f) ≤ lim
n→∞
‖f1‖∞ E
[∫ +∞
Sln
f2(z)mZ(dz)
]
= 0.
Thus
Ul
·
∗ p′(f) = lim
n→∞
n∑
k=0
(
µ(k)
·
∗ ν˜l − µ
(k) ·∗ ν˜l
)
(f) = ν˜l
and therefor the probability measure p =
p′
E[Sl]
veries (3.5), on ompat sets and
thus everywhere.
Let f be a non-negative funtion with support in ∂∗T×Z+. To onlude, one has
to apply (3.5) to the non-negative Borel funtion F (ξ, z) = E
[∑l−1
0 f(Lkυ, Sk + z)
]
and hek that
U
·
∗ p(f) = Ul
·
∗ p(F ) = ν˜l(F ) = m×mZ(f).

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